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Abstract. In this paper, we derive some interesting symmetric properties for the 
generalized Euler numbers and polynomials attached to \ using the p-adic invariant 
integral on Z p . 



51. Introduction 



Let p be an odd prime number. Throughout this paper Z p , Q p , C, and C p will, 
respectively, denote the ring of p-adic rational integers, the field of p-adic rational 
numbers, the complex number field, and the completion of algebraic closure of Q p . 
The normalized valuation in C p is denoted by | ■ | p with \p\ p = -. We say that / is 
a uniformly differentiable function at a point a G Z p and denote this property by 

/ G UD{Tj p ), if the difference quotients Ff(x,y) = — ^ ^ have a limit I = f'(a) 

x y 

as (x,y) — > (a, a). For / G UD(Z P ), let us start with the expression 

£ (-W(i)= £ ftiMj + P Nz p)i 

0<j<p N 0<j<p N 

representing a p-adic analogue of Riemann type sums for /, see [4-17]. The integral 
of / on Z p will be defined as limit (n — > cxo) of those sums, when it exists. The p-adic 
invariant integral on Z p of the function / G UD(Z p ) is defined as 

r 

(1) 1(f) = f(x)dx= lim V see [4-17]. 

In this paper we investigate some symmetric properties related to the p-adic invari- 
ant integral on Z p . By using these properties, we derive some interesting identities 
related to the generalized Euler numbers and polynomials attached to x- 
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§2. Some symmetric identities of the generalized Euler polynomials attached to \ 

The n-th Euler numbers E„ are defined as 



O 00 J-Ti 

(2) =e ** = Y,E n - v (cf.[l-13]), 

n=0 

with the usual convention about replacing E n by E n . 
The n-th Euler polynomials E n {x) are also defined as 

EJx) = t ("y-'E„ where Q = " • O ~ D - (» ~ ' + D , (see M) . 
From (1) we can easily derive 

(3) + /(/) = 2/(0), where h{x) = f(x + 1). 
By continuing this process, we see that 



n-l 



/(/„) + (-lr-'Hf) = 2 ^(-l)"- 1 -'/^), where /„(*) = /(a; + n). 
When n is an odd positive integer, we obtain 

n-l 

(4) !(/„) + /(/) = 2 J](-l)7(0- 

1=0 

If n e N with n = ( mod 2), then we have 

n-l 

(5) «»/(/„) -/(/) = 2 ^c-iy-vco- 

z=o 

For a fixed odd positive integer d with (p, ci) = 1, set 

X = X d = limZ/rfp n Z, Xi = Z p , 
X* = U (a + cipZA 

0<a<dp V ^' 
(o,p) = l 

a + cip n Z p = {x E X\x = a (mod dp n )}, 

where a G Z lies in < a < dp n . Let x be the Dirichlet's character with conductor 
d(= odd) G N. If we take /(x) = x(x)e t:E , then we have 
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(6) f X (y)e {x+y)t dy 

Jx 



2Er=o(-l) Z x(0e_^ eX ,_ 



e dt _|_ i 

Now we define the generalized Euler polynomials attached to x as follows: 

n=0 

In particular x = 0, £ , n>x (= £? njX (0)) are called the n-th generalized Euler numbers 
attached to From (6) and (7), we note that 

(8) E n , x (x)= [ x(y)(x + y) n dy. 

Jx 

For n G N with n = l(mod 2), we have 

/„ rid— 1 

^ X(x)e^ d+ ^dx + / X (^)e xt ^ = 2 £ (-l)'x(/)e u 
r ^ x 1=0 

Let 

n 

(10) T fcjX (n)=2^(-l)' X (/)/ fc . 

1=0 

It is not difficult to show that 

(11) f x ^' x{x)dx + j x ^ta= 2f ff e l { ^ X =£n. x (nd-l)£. 

Let wi,W2 G N with i«i = l(mod 2), w 2 = l(mod 2). Then we consider following 
double integral. 

Jx Jx e^ +w ^ t x(x 1 ) X (x 2 )dx 1 dx 2 



(12) ' 



= ( (i=arS^+i) ) (e^" 1 "''- 1 )") ^^-"(-D 4 ) ■ 

By (8) and (11), we see that 

(13) / x(x)(dn + x) k dx+ x(x)x k dx = T k)X (nd-l). 

JX Jx 



' x 
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That is, 

E k ,x(nd) + E kiX = T kjX (nd - 1). 

Let 

(14) T x (w u w 2 )= JxJxX[ 1)X[ 2 \ 

From (12) and (14), we note that 
T x (w 1 ,w 2 ) 

(16) - ( y::;^?;; ) g^-^-) g^-^- 

and T x (tyi, ty 2 ) is symmetric in wi and i«2. By (6), (8), (11), (14), and (15), we see that 



«i >r\ >r', 1 ) 



(15) T x ( Wl ,w 2 ) = f; [J2 f!)s i>x («; 2 x)Ti_ <>x (d 

z=o \;=o w 

By the symmetric property of T x (w\, w 2 ) in wi and w 2 , we also see that 

(16) T x {w u w 2 ) = (E Q^ 2 w l 1 - l E^ x (w 1 x)T l _ hX (dw 2 - 1) 

By comparing the coefficients on the both sides of (15) and (16), we obtain the 
following theorem. 

Theorem 1. Let x be the Dirichlet's character with an odd conductor d e N. For 
wi, w 2 , d G N with d = 1( mod 2), w\ = 1( mod 2), w 2 = 1( mod 2), we have 

E ( l ^jE i!X (w 2 x)T l _ i!X (dw 1 - l)w\w l 2 - 1 = ( l ^)E ijX (w 1 x)T l _ ijX (dw 2 - l)w l 2 w[-\ 

i=0 ^ ' i=0 ^ ' 

Remark. Setting x = in Theorem 1 we obtain 



i=0 x 7 1=0 

From (14), we can derive 

dwi — 1 



T x (w u w 2 )= E (-1)' / e (Xl+W2X + -° tol x(^i)^i 

(17) 

00 / dw\ — 1 \ n 

n=0 V Z=0 1 / 



On the other hand, 

00 /dw 2 — l \ , n 

(18) T x ( Wl , «*) = E E (-l)^n, X K^ + -f- 

n=0 \ Z=0 2 / 

By (17) and (18), we obtain the following theorem. 
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Theorem 2. For wi, wi e N wit/i iui = 1( mod 2) , w 2 = l( mod 2), we have 

dwi — l d,W2 — 1 

i=o Wl i=o W2 

Remark. From the equations of the p-adic invariant integral on Z p , some interesting 
identities of the Euler polynomials are derived in [6]. In this paper, we have studied 
the symmetric properties of the generalized Euler polynomials attached to x- To 
derive the symmetric identities of the generalized Euler polynomials attached to x, 
we used the symmetric properties of p-adic invariant integrals on Z p . 
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